Abstract. We consider a mirror symmetry of simple elliptic singularities. In particular, we construct isomorphisms of Frobenius manifolds among the one from the GromovWitten theory of an weighted projective line, the one from the theory of primitive forms for a universal unfolding of a simple elliptic singularity and the one from the invariant theory for an elliptic Weyl group. As a consequence, we give a geometric interpretation of the Fourier coefficients of an eta product considered by K. Saito.
Introduction
Mirror symmetry can be understood as a duality between algebraic geometry and symplectic geometry. It is an interesting problem to understand based on the philosophy of mirror symmetry some mysterious correspondences among isolated singularities, root systems and discrete groups such as Schwartz's triangle groups.
Let f (x, y, z) be a holomorphic function which has an isolated singularity only at the origin 0 ∈ C 3 . A distinguished basis of vanishing cycles in the Milnor fiber of f can be categorified to an A ∞ -category Fuk → (f ) called the directed Fukaya category whose derived category D b Fuk → (f ) is, as a triangulated category, an invariant of the holomorphic function f .
If f (x, y, z) is a weighted homogeneous polynomial then one can consider another interesting triangulated category, the category of a maximally-graded singularity D In this setting, homological mirror symmetry conjectures can be stated as follows:
Conjecture ( [4] [21] ). Let f (x, y, z) be an invertible polynomial.
(i) There should exist a quiver with relations (Q, I) and triangulated equivalences
where f t denotes the Berglund-Hübsch transpose of f .
(ii) There should exist triangulated equivalences is the orbifold P 1 with 3 isotropic points of orders a 1 , a 2 , a 3 , Q a 1 ,a 2 ,a 3 is a quiver
given by the following graph and I ′ is the ideal generated by two generic paths from the a 1 + a 2 + a 3 − 2-th vertex to the a 1 + a 2 + a 3 − 2-th vertex (which we sometimes draw in the graph two dotted edges), and T a 1 ,a 2 ,a 3 := x
It is natural to expect the following from (ii) of the above homological mirror symmetry conjectures since their "complexified Kähler moduli spaces" should be isomorphic and there should exist Frobenius structures (K. Saito's flat structures) on them:
Conjecture. There should exist isomorphisms of Frobenius manifolds among
, the one constructed from the Gromov-Witten theory of P 1 a 1 ,a 2 ,a 3 , (ii) M (Qa 1 ,a 2 ,a 3 ,I ′ ) , the one (should be) constructed from the invariant theory of the reflectionl group associated to the quiver with relations (Q a 1 ,a 2 ,a 3 , I ′ ), (iii) M Ta 1 ,a 2 ,a 3 ,∞ , the one constructed from the universal unfolding of T a 1 ,a 2 ,a 3 by the choice of primitive form "at c = ∞".
Rossi shows in [9] that Conjecture holds under the condition 1/a 1 + 1/a 2 + 1/a 3 > 1.
The next case to consider is when the triple (a 1 , a 2 , a 3 ) satisfies the condition 1/a 1 + 1/a 2 + 1/a 3 = 1, in other words, the case when the polynomial f defines a simple elliptic singularity (see [4] for this relation between (a 1 , a 2 , a 3 ) and f ). In particular, in this paper we shall give a proof of the above Conjecture for (a 1 , a 2 , a 3 ) = (3, 3, 3) with the explicit presentation of the potential which gives us interesting quasi-modular forms based on the uniqueness of the solution of the WDVV equation. The following is our main result in this paper:
Theorem. We have isomorphisms of Frobenius manifolds
where M E (see Saito [10] , [13] ).
Moreover, the genus zero Gromov-Witten potential F and the genus one Gromov-
, which is also considered as the G-function on M E
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and as the one on M T 3,3,3 ,∞ , are expressed by quasi-modular forms.
An important consequence of this theorem is that we can give a geometric interpretation of the Fourier coefficients of an eta product considered by K. Saito [15] , [16] :
Theorem. Denote by η(τ ) the Dedekind's eta function
The eta product η(3τ ) 3 /η(τ ) is a generating function of Gromov-Witten invariants of
is the Gromov-Witten invariant
where γ i is an element of H 2/3 orb (P We can also apply the same method for the proofs of Conjecture themselves for other two cases when (a 1 , a 2 , a 3 ) = (2, 4, 4), (2, 3, 6) , however, we omit them here since the number of monomials in those potentials are large (more than 50 for (2, 4, 4) and more than 200 for (2, 3, 6)) we can not give the explicit presentation of the potential in this paper and we could understand not all but a few of interesting quasi-modular forms appearing in those potentials.
We can also consider a similar problem for which we do not have a hypersurface singularity:
Theorem. We have an isomorphism of Frobenius manifolds , are expressed by quasi-modular forms.
Note that in order to obtain the mirror isomorphism we have to develop the theory of primitive forms for the pair of singularity and its symmetry group. Once we had such a theory, we may apply it for the pair (T 2,4,4 , Z/2Z), for example.
If the triple (a 1 , a 2 , a 3 ) satisfies the condition 1/a 1 + 1/a 2 + 1/a 3 = 1, then we have
of Buchweitz-Orlov type (see [22] ). Also note that a mathematical formulation of the topological A-model for LandauGinzburg orbifold theory is considered in [5] , which is called Fan-Jarvis-Ruan-Witten (FJRW) theory. Therefore, it is also natural to consider the following:
Conjecture. Let T a 1 ,a 2 ,a 3 be a polynomial which defines a simple elliptic singularity E 6 , E 7 or E 8 . There should exist an isomorphism of Frobenius manifolds between (i) M (Ta 1 ,a 2 ,a 3 ,Z/dZ),F JRW , the one constructed from the FJRW theory for the pair
(ii) M Ta 1 ,a 2 ,a 3 ,0 , the one constructed from the universal unfolding of T a 1 ,a 2 ,a 3 by the choice of primitive form "at c = 0".
The authors are notified that Shen gives a proof of this Conjecture based on the calculations of M Ta 1 ,a 2 ,a 3 ,0 by Noumi-Yamada [6] and Milanov-Ruan prove a generalization of this, namely, the one for all genus potentials and their quasi-modularity.
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Gromov-Witten theory for orbifolds
Gromov-Witten theory is generalized for orbifolds (smooth proper Deligne-Mumford stacks). It is first studied by Chen-Ruan [2] in symplectic geometry and later by AbramovichGraber-Vistoli [1] in algebraic geometry. In order to generalize Gromov-Witten theory for manifolds to the one for orbifolds, one also needs to count the number of "stable maps from orbifold curves". For this purpose, in [2] the notion of orbifold stable maps is introduced and in [1] the notion of twisted stable maps is introduced. These two construction are quite different, however, as the usual Gromov-Witten theory for manifolds, they are expected to give the same Gromov-Witten invariants since they have common philosophy.
Let X be an orbifold (or a smooth proper Deligne-Mumford stack over C). Then, for g ∈ Z ≥0 , n ∈ Z ≥0 and β ∈ H 2 (X , Z), the moduli space (stack) M g,n,β (X ) of orbifold (twisted) stable maps of genus g with n-marked points of degree β is defined. There exists a virtual fundamental class [M g,n,β (X )] vir and Gromov-Witten invariants of genus g with n-marked points of degree β are defined as usual except for that we have to use the orbifold cohomology group H * orb (X , Q):
, Q) denotes the induced homomorphism by the evaluation map. We also consider the generating function
and call it the genus g potential where {γ i } denotes a Q-basis of H * orb (X , Q). The main result in [1] and [2] tell us that we can treat the Gromov-Witten theory defined for orbifolds as if X were usual manifold. In particular, we have the point axiom, the divisor axiom for a class in H 2 (X , Q) and the associativity of the quantum product, namely, the WDVV equation (see, for example, [2] for details of these axioms.), which gives a (formal) Frobenius manifold. These axioms enable us to calculate genus zero GromovWitten potential F X 0 easily. In this paper, we shall only consider the case when X is P 1 2,2,2,2 or P 1 3,3,3 , the orbifold P 1 with 4 isotropic points of order 2 or the orbifold P 1 with 3 isotropic points of order 3. Note that both are given by the global quotient of an elliptic curve E, more precisely, we have P 
Explicit calculations for
We can choose a basis γ 0 , . . . , γ 5 of the orbifold cohomology group H *
Denote by t 0 , . . . , t 5 the dual coordinates of the Q-basis γ 0 , . . . , γ 5 . In discussion below, by applying the divisor axiom, we consider log q as a flat coordinate instead of t 5 .
Genus zero potential.
Theorem 2.1. The genus zero Gromow-Witten potential F
is given as follows:
Proof. We can show Theorem by the following uniqueness of the potential:
There exists a unique 6-dimensional Frobenius structure with flat coordinates t 0 , t 1 , t 2 , t 3 , t 4 , t satisfying the following conditions:
(ii) The Frobenius potential F 0 is given by
where f 0 (q), f 1 (q), f 2 (q) have the following formal power series expansions:
Proof. We can show that the WDVV equation is equivalent to the following differential equations:
Hence, we have the following recursion relations for a n , b n , c n :
In particular, by setting n = 0, 1, we get c 0 = 0 and b 0 = −1/24. Therefore, the above recursion relations have the unique solution.
Next, we construct the analytic solution to the WDVV equation as follows.
12)
14)
Then the functions f 0 (q), f 1 (q), f 2 (q) satisfies the following differential equations:
Then the following differential relations
are classically known as Halphen's equations (cf [7] ). For the proof of Lemma, we should only prove that
23)
For X i (q) (i = 2, 3, 4), we have
25)
26)
by Jacobi's triple product formula.
For f 0 (q), f 1 (q), f 2 (q), we prepare the following Sub-Lemma.
Sub-Lemma 2.4. For f (q), we have
Proof. We define σ(n) (n ≥ 1) by
Thus we have σ(2n) = 3σ(n) if n is odd. Also if n is general, we have σ(4n) = 3σ(2n) − 2σ(n).
Then we have (2.28).
By (2.28), we have ≃ {z ∈ C | Rez < 0 } × C 5 with flat coordinates (log q, t 0 , t 1 , t 2 , t 3 , t 4 ).
For the elliptic root system of type D ≃ {z ∈ C | Rez < 0 } × C 5 has a structure of the Frobenius manifold ( [14] , [19] 
where
η(e 2t ) − 1 24 Θ 0,1 (e t ) ,
where M is a coroot lattice of D 4 and ω 1 is one of the fundamental weights in the notation of Bourbaki.
Remark 2.6. We remark that the correspondence of the above coordinates with the ones in [18] is
and we take the intersection form of the Frobenius manifold as
Since the potential F 
One may also obtain the statement by Dubrovin-Zhang's Virasoro constraint [3] .
Indeed, Proposition 4 in [3] gives us the equation
By Sub-Lemma 2.4, we have f 1 (q) + 1 3
The proof of Theorem 2.8 also shows that the genus one potential is uniquely reconstructed from the genus zero potential. In particular, this implies the G-function of We can choose a Q-basis γ 0 , . . . , γ 7 of the orbifold cohomology group H * Denote by t 0 , . . . , t 7 the dual coordinates of the Q-basis γ 0 , . . . , γ 7 . In discussion below, by applying the divisor axiom, we consider log q as a flat coordinate instead of t 7 .
3.1. Genus zero potential. 
where f i (q), i = 0, . . . , 13 are given by
and a(q) = 1 + 1 3
Proof. We can show Theorem by the following uniqueness of the potential: (i) For the holomorphic functions f 0 (t), · · · , f 13 (t), the holomorphic function
) is a potential of an 8-dimensional Frobenius structure with flat coordinates t 0 , t 1 , t 2 , t 3 , t 4 , t 5 , t 6 , t such that the Euler vector field E is given by E = t 0
if and only if there exists A ∈ C * such that
where a(t) = f 1 (t)/f 0 (t) and
(ii) There exist uniquely the following formal power series:
with a 0 (1) = 1 and a 1 (0) =
) is a potential of an 8-dimensional Frobenius structure with flat coordinates t 0 , t 1 , . . . , t 6 , t, and the Euler vector field E = t 0
Proof. The assertion (i) is a direct consequence of WDVV equations and discussed already in [23] . For a proof of (ii), we prepare the following Sub-Lemma.
Sub-Lemma 3.3. There exists a unique formal Laurant series
a n q n satisfying the following conditions:
(ii) f (q) satisfies the following differential equation:
We consider the condition (ii) as all coefficients of the q-expansion of S(q) must be 0. For the cases of n ≤ 0, the coefficients of q −8+n of S(q) equal to 0. For the cases of n ≥ 1, the coefficients of q −8+n of S(q) are of the forms −n 3 a 7 −1 a n−1 + the polynomial of a −1 , · · · , a n−2 .
Since we have a −1 = 1/3, the coefficients a 0 , a 1 , · · · are uniquely determined inductively.
We first construct f 0 (q), · · · , f 13 (q). Take a formal Laurant series f (q) as the one which is constructed in Sub-Lemma 3.3. We take A ∈ C * such that the formal power series: A(
1/2 has an expansion q + · · · . Then A 2 must be 1/9. We define the following formal power series:
in a parallel manner as in (3.2) . By (i) of this Lemma, we see that
satisfy the conditions of (ii).
We show the uniqueness of f i (q) (i = 0, · · · , 13). We assume that f i (q) (i = 0, · · · , 13) also satisfy the conditions of (ii). Put f (q) := f 1 (q)/ f 0 (q). By (i) of this Lemma, we see that
(ii) ∃ A ∈ C * such that
From (i), f (q) satisfies (3.5). Since f (q) has the expansion
by Sub-Lemma 3.3. From (ii) and a comparison of the leading term of q-expansions of f 0 (q) and f 0 (q), we have f 0 (q) = f 0 (q) and A 2 = A 2 . Since f i (e t ) (i = 1, · · · , 13) must satisfy (3.2), we have f i (q) = f i (q) (i = 1, · · · , 13). Thus we obtain Lemma 3.2.
Then h(q) has the following properties:
(i) h(q) satisfies the following differential equation.
(ii) h(q) satisfies the following equation:
where J(q) is the Laurant series characterized by the conditions that
)) is the elliptic modular function on the upper half plane H = {τ ∈ C | Imτ > 0 }.
(iii) h(q) has the following expressions:
where ω = exp(
Proof. In [8] , the uniformization of the Hesse pencil:
is studied and the parameter a is described as a holomorphic function a(τ ) on the upper half plane H = {τ ∈ C | Imτ > 0 }. From this description and by the Jacobi's imaginary
Then (i), (ii) are direct consequences of this identification. For (iii), they are described in [8] (use again Jacobi's imaginary transformation τ → −
τ
).
Finally, we give two important formulas for the function h(q) in Lemma 3.4:
Lemma 3.5. We have the following equations: 12) because the leading terms of the q-expansions coincide and if we put q = exp(
then both sides are the cusp forms of weight 12 with respect to the SL(2, Z) action and they are uniquely determined by the leading terms of the q-expansions.
By (3.7) and (3.12), we have (3.10).
We could easily check that
By (3.6), (3.8), (3.13), we have
(3.14)
By (3.10), (3.14) and the comparison of the leading terms of q-expansions, we have (3.11) .
From the definition of the orbifold cohomology ring H * orb (P It is easily obtained once we fix a primitive form (see [17] for example). It is proven by K. Saito in [11] that there exists a primitive form for W E 6 (x 1 , x 2 , x 3 ) = x 3 1 +x 3 2 +x 3 3 −3ax 1 x 2 x 3 and it is given by choosing a cycle in the corresponding elliptic curve {W E 6 (x 1 , x 2 , x 3 ) = 0} ⊂ P 2 .
Denote by M E 6 ,∞ the Frobenius manifold with the choice of the primitive form associated to the cycle in the elliptic curve which vanishes when the parameter a goes to infinity. In view of (i) of Lemma 3.2, we only have to calculate the holomorphic function a(t) in order to describe the potential for M E 6 ,∞ . However, it is also easy to see from the result in [11] that we can choose the uniformization parameter τ /3 as the flat coordinate t for our choice of primitive form and hence we have a(τ ) = h(exp( 2π √ −1τ 3 )) as in the equation (3.9) . By rescaling other flat coordinates suitably, it is possible to set A = 1/3
(in the notation of (i) of Lemma 3.2). Therefore, we can apply the uniquness of the potential, (ii) of Lemma 3.2, and hence we obtain an isomorphism M P 1 3,3,3
≃ M E 6 ,∞ as a Frobenius manifold.
On the other hand, for the elliptic root system of type E . Therefore, we only have to consider the (orbifold) stable maps with one marked point from smooth elliptic curves to P One may also obtain the statement by Dubrovin-Zhang's Virasoro constraint [3] .
Indeed, Proposition 4 in [3] gives us the equation 
